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1 INTRODUCTION
The concepts of coherent pair and symmetric coherent pair have been introduced by
A. Iserles et al. in Ref. [9] in the framework of the study of orthogonal polynomials asso-
ciated with the Sobolev inner product
hf ; giS ¼
ð
R
fg dm0 þ l
ð
R
f 0g0 dm1;
where m0 and m1 are non-atomic positive Borel measures on the real line such that
ð
R
xk dmiðxÞ

 < 1; k  0; i ¼ 0; 1:
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In fact, coherence means that a relation between the MOPS (monic orthogonal polynomial
sequence) fPnðxÞgn and fTnðxÞgn, associated with the measures m0 and m1 respectively,
TnðxÞ ¼
P0nþ1ðxÞ
n þ 1  sn
P0nðxÞ
n
; n  1;
where fsngn is a sequence of non-zero complex numbers, is satisfied.
The description of the measures satisfying the coherence condition was an open problem
in Ref. [9]. A first result is given in Ref. [15] where the complete set of coherence pairs when
one of the measures is a classical one (Hermite, Laguerre, Jacobi) is described. Later on, in
Ref. [16] it is proved that both measures involved in a coherent pair must be semiclassical.
Finally, in Ref. [20] H. G. Meijer gave the complete classification of the coherent pairs of
measures which is, essentially, the same stated in Ref. [15]. As a conclusion, the Meijer’s
result shows that coherent pairs of measures constitute a restrictive class, helpful in order
to obtain properties of polynomials orthogonal with respect to Sobolev inner products
½14; 19; 22; 23.
The aim of this paper is to analyze the extension of the above definition of coherent pairs
(based in the use of the derivative operator) to the situation when the forward difference
operator D is considered. Thus, orthogonal polynomials of a discrete variable [21] appear
in a natural way. Our main result states that if ðu0; u1Þ is a D-coherent pair of linear func-
tionals, one of them must be a classical discrete linear functional. In this situation, the sup-
port of the functional can be finite (Kravchuk, Hahn) or infinite (Meixner, Charlier) and the
extension of the Meijer’s result involves more than a merely formal analogy. First, the con-
cept of weakly quasi-definite linear functional (including both finite and infinite supporting
sets for the functional) is introduced in order to cover both situations. Second, using a limit
process we can recover the Meijer’s classification from the complete description of the
D-coherent pairs which we have already stated in Ref. [5]. Third, we compare the complexity
of the analysis for the D operator with the derivative operator, because the situation, in our
case, is more interesting taking into account that not only quasi-definite linear functionals are
involved.
The outline of the paper is as follows: in Section 2 we give the basic definitions and results
which will be helpful in the following sections. In Section 3 we introduce the concept of
D-coherent pair of linear functionals, and we prove that if ðu0; u1Þ is a D-coherent pair,
both u0 and u1 are semiclassical discrete linear functionals. In Section 4 we prove that if
ðu0; u1Þ is a D-coherent pair of linear functionals, at least one of them must be a classical
discrete linear functional, where u0 and u1 are required to have a restriction on their orders.
Finally, in Section 5 we present two examples of D-coherent pair of linear functionals related
to the Meixner and the Hahn linear functional, as examples of quasi-definite and weakly
quasi-definite linear functionals, respectively.
2 NOTATIONS AND BASIC RESULTS
Let P be the linear space of polynomials with complex coefficients and let P0 be its algebraic
dual space. We denote by hu; f i the duality bracket for u 2 P0 and f 2 P, and we denote by
ðuÞn ¼ hu; xni, with n  0, the canonical moments of u.
DEFINITION 2.1 A linear functional u is said to be weakly quasi-definite if there exists
0  M  1 such that the principal submatrices Hk :¼ ½ðuÞiþjki;j¼0 are nonsingular for
32 I. AREA et al.
2
0  k  M and, if M 6¼ 1, HMþ1 is a singular matrix. M is said to be the order of the linear
functional u.
Remark 1 Note that when M ¼ 1 this definition coincides with the concept of quasi-
definite linear functional given in Ref. [6, p. 16]. In what follows, we shall have in mind this
fact despite the notation associated to the order of the linear functional.
Given a weakly quasi-definite linear functional u of order M, there exists a family of monic
polynomials fPnðxÞgMn¼0 orthogonal with respect to u, i.e. PnðxÞ ¼ xnþ terms of lower degree,
for every 0  n  M, and hu; PnPmi ¼ Gndn;m, Gn 6¼ 0, for every 0  n;m  M. Such a
sequence will be called monic orthogonal polynomial sequence (MOPS).
Remark 2 Given a weakly quasi-definite linear functional u of order M < 1, it is possible
to build a unique finite family of monic polynomials fPnðxÞgMþ1n¼0 such that
hu; xm PnðxÞi ¼ 0 0  m  n  1; 1  n  M þ 1;
hu; xn PnðxÞi 6¼ 0 0  n  M ;
and hu; xMþ1 PMþ1ðxÞi ¼ 0. Thus, the sequence of orthogonal polynomials is fPnðxÞgMn¼0.
Note that this sequence of orthogonal polynomials does not generate P when M < 1.
In the most important occurrences of orthogonal polynomials, the linear functional
u satisfies an extra condition [6, p. 13].
DEFINITION 2.2 A linear functional u is called positive-definite if its moments are all real
and detðHkÞ > 0, for every k  0.
DEFINITION 2.3 Given a complex number c, the Dirac functional dc is defined by
hdc; pðxÞi :¼ pðcÞ, for every p 2 P.
DEFINITION 2.4 Given a linear functional u and a polynomial p, we define the linear
functional pu as hpu; qi :¼ hu; pqi, for every q 2 P. For each complex number c, the linear
functional ðx  cÞ 1u is given by
hðx  cÞ 1u; qi :¼ u; qðxÞ  qðcÞ
x  c
 
for every q 2 P.
Note that
ðx  cÞ 1ððx  cÞuÞ ¼ u  ðuÞ0dc; for every u 2 P0; ð2:1Þ
while ðx  cÞððx  cÞ 1uÞ ¼ u.
DEFINITION 2.5 The forward and backward difference operators D and H are defined by
DpðxÞ :¼ pðx þ 1Þ  pðxÞ HpðxÞ :¼ pðxÞ  pðx  1Þ;
for every p 2 P, respectively.
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Let p and q be two polynomials. Then, we have
DH ¼ HD; D ¼ Hþ DH; DpðxÞ ¼ Hpðx þ 1Þ;
DðpðxÞqðxÞÞ ¼ qðxÞDpðxÞ þ pðx þ 1ÞDqðxÞ:
DEFINITION 2.6 For u 2 P0, the linear functional Du is defined as hDu; pi ¼ hu;Dpi, for
every p 2 P.
PROPOSITION 2.7 For u 2 P0 and p 2 P, we have D½pðxÞu ¼ pðx  1ÞDu þ Dpðx  1Þu. In
particular, we obtain ðx  cÞDu ¼ D½ðx þ 1  cÞu  u.
DEFINITION 2.8 A linear functional u is said to be a classical discrete linear functional if u
is weakly quasi-definite and there exist polynomials f and c, with degðfÞ  2 and
degðcÞ ¼ 1, such that
D½fðxÞu ¼ cðxÞu: ð2:2Þ
The corresponding MOPS associated with u is said to be a classical discrete MOPS.
Classical discrete orthogonal polynomials can be characterized by means of the Hahn’s
property in the following way [see Ref. 7].
PROPOSITION 2.9 Let fPnðxÞgMn¼0 be the MOPS associated with a weakly quasi-definite
linear functional u of order M  1. The sequence fPnðxÞgMn¼0 is a classical discrete MOPS if
and only if fQnðxÞgM 1n¼0 defined by
QnðxÞ :¼
DPnþ1ðxÞ
n þ 1 ; 0  n  M  1; ð2:3Þ
is also a MOPS. Furthermore, if u satisfies D½fðxÞu ¼ cðxÞu then fQnðxÞgM 1n¼0 is orthogonal
with respect to the functional u :¼ fðxÞu.
Note that weakly positive-definite classical discrete functionals are associated with a
measure RðxÞ whose support is a countable set. In such a sense, we shall only consider
here orthogonal polynomials of a discrete variable on ½a; b  1 with weight RðxÞ,
Xb 1
xi¼a
PmðxiÞPnðxiÞRðxiÞ ¼ d2ndn;m; xiþ1 ¼ xi þ 1;
provided that the interval ða; bÞ is contained in R and the function RðxÞ satisfies
DðsðxÞRðxÞÞ ¼ cðxÞRðxÞ; sðxÞ :¼ fðxÞ  cðxÞ; ð2:4Þ
with
sðxÞRðxÞx‘

x¼a;b
¼ 0; ‘ ¼ 0; 1; . . . ð2:5Þ
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Thus, classical discrete linear functionals u satisfying (2.2) can be represented as
hu; pi ¼
Xb 1
xi¼a
pðxiÞ RðxiÞ; for every p 2 P;
where RðxÞ is a weight function satisfying (2.4) and (2.5). In this situation, classical discrete
linear functionals are the corresponding to Hahn, Meixner, Kravchuk and Charlier MOPS
[21]. Charlier and Meixner functionals are quasi-definite linear functionals and therefore
the corresponding MOPS are infinite sequences. On the other hand, Kravchuk and Hahn
linear functionals are weakly quasi-definite linear functionals and the corresponding
MOPS are finite. Some applications of these finite families can be found in e.g. ½12; 21.
In Ref. [11] another systematic study of (positive-definite) orthogonal polynomials of a
discrete variable is given from the second order linear difference equation they satisfy. More-
over, a self-contained overview of classical discrete polynomials has been done in Ref. [1],
where finite orthogonal sequences are not considered (only quasi-definite functionals are
studied).
In the aforementioned classifications ½1; 11 there appear other families of orthogonal poly-
nomials, which are outside the scope of this paper since the Hahn’s property they satisfy can
not be written in terms of the forward difference operator D.
Next we introduce the concept of semiclassical discrete linear functional [see Ref. 17].
DEFINITION 2.10 A linear functional u is said to be a semiclassical discrete linear func-
tional if u is weakly quasi-definite and there exist two polynomials f and c such that
D½fðxÞu ¼ cðxÞu ð2:6Þ
where degðfÞ ¼ t  0 and degðcÞ ¼ p  1. A MOPS with respect to a semiclassical discrete
functional u is called a semiclassical discrete MOPS.
It is possible to associate with (2.6) a nonnegative integer s ¼ maxfdegðcÞ  1;
degðfÞ  2g, but a semiclassical discrete functional u satisfies an infinite number of equations
as (2.6). It is enough to multiply both sides of (2.6) by a polynomial f with degðf Þ ¼ q and
from Proposition 2.7 we have D½f ðx þ 1ÞfðxÞu ¼ ðfðxÞDf ðxÞþ f ðxÞcðxÞÞu. So u fulfills also
D½f1ðxÞu ¼ c1ðxÞu, where f1ðxÞ ¼ f ðx þ 1ÞfðxÞ and c1ðxÞ ¼ fðxÞDf ðxÞ þ f ðxÞcðxÞ. From
(2.6) we have s1 ¼ maxfp1  1; t1  2g  s þ q. Hence, we can associate with a semiclassi-
cal discrete functional u a set of nonnegative integer numbers hðuÞ.
DEFINITION 2.11 Let u be a semiclassical discrete functional. The minimum of the set hðuÞ
is called the class of u. When s is the class of u, then the sequence of polynomials orthogonal
with respect to u is said to be of class s.
Note that classical discrete polynomials are semiclassical of class 0.
DEFINITION 2.12 Let fPnðxÞgMn¼0 be the MOPS associated with the weakly quasi-definite
linear functional u of order M. The family of linear functionals fangn defined by
han; Pmi ¼ dnm, 0  n;m  M, is called the dual basis of fPnðxÞgMn¼0.
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In fact,
an ¼ PnðxÞhu; P2nðxÞi
u; 0  n  M : ð2:7Þ
An immediate consequence of the above equation can be stated as follows.
PROPOSITION 2.13 Let fPnðxÞgMn¼0 be the MOPS associated with the weakly quasi-definite
linear functional u of order M  1 and let fQnðxÞgM 1n¼0 as in ð2:3Þ. If we denote by fangMn¼0
and fangM 1n¼0 the corresponding dual bases, then Dan ¼ ðn þ 1Þanþ1, 0  n  M  1.
3 D-COHERENT PAIRS
DEFINITION 3.1 Let u0 and u1 be two weakly quasi-definite linear functionals of order M0
and M1, whose MOPS are fPnðxÞgM0n¼0 and fTnðxÞgM1n¼0 respectively, with M0  2 and M1  1.
The pair ðu0; u1Þ is called a D-coherent pair of linear functionals if
TnðxÞ ¼ DPnþ1ðxÞ
n þ 1  sn
DPnðxÞ
n
; 1  n  minfM0  1;M1g; ð3:1Þ
where fsngn is a sequence of non-zero complex numbers.
Example 3.2 Let N be the set of positive integers. Monic Kravchuk polynomials kðpÞn ðx; N Þ
have the following representation in terms of hypergeometric series [Ref. 21, p. 51]
kðpÞn ðx; N Þ ¼ ðpÞnðN  n þ 1Þn 2F1
n; x
N
1
p

 
;
0 < p < 1; N 2 N; 0  n  N ; N  2; ð3:2Þ
where ðaÞn denotes the Pochhammer symbol [2], which is defined by
ðaÞ0 ¼ 1; ðaÞn ¼ aða þ 1Þ    ða þ n  1Þ; n  1:
Since Kravchuk polynomials satisfy [see, for example, Ref. 10]
kðpÞn ðx; N Þ ¼
DkðpÞnþ1ðx; N Þ
n þ 1  sn
DkðpÞn ðx; N Þ
n
; with sn ¼ np; 1  n  N  1; ð3:3Þ
if we denote by uðp;N Þ the Kravchuk linear functional of order N (the binomial distribution
from probability theory) given by
huðp;N Þ; ri ¼
XN
s¼0
N
s
 
ps ð1  pÞN s rðsÞ; 0 < p < 1; N 2 N; for every r 2 P;
ð3:4Þ
we have that ðuðp;N Þ; uðp;NÞÞ is a D-coherent pair of linear functionals, if N  2.
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PROPOSITION 3.3 Let ðu0; u1Þ be a D-coherent pair of linear functionals and let fað0Þn gM0n¼0
and fað1Þn gM1n¼0 be the dual bases of u0 and u1, respectively, with M0  2 and M1  1. If we
denote by fað0Þn gM0 1n¼0 the dual basis corresponding to fQnðxÞgM0 1n¼0 defined in ð2:3Þ, then
we have
að0Þn ¼ að1Þn  snþ1að1Þnþ1; 0  n  min fM0  2;M1  1g; ð3:5Þ
ðn þ 1Þ að0Þnþ1 ¼ snþ1Dað1Þnþ1  Dað1Þn ; 0  n  min fM0  2;M1  1g: ð3:6Þ
Proof Let PM1 be the space of polynomials of degree at most M1 and let P
0
M1
be its
algebraic dual space. Equation (3.5) is a consequence of (3.1) and using that fað1Þn gM1n¼0 is a
basis of P0M1 . Applying the D operator to (3.5) and using Proposition 2.13, (3.6) is obtained.
j
THEOREM 3.4 Let ðu0; u1Þ be a D-coherent pair of linear functionals and let fPnðxÞgM0n¼0 and
fTnðxÞgM1n¼0 be the corresponding MOPS associated with u0 and u1, respectively, with M0  2
and M1  1. Then
(i) The functional u1 is a semiclassical discrete linear functional of class at most 1. That is,
there exist two polynomials f1 and c1, of degree at most 3 and 2, respectively, such that
D½f1ðxÞu1 ¼ c1ðxÞu1: ð3:7Þ
Their explicit expressions are
f1ðxÞ ¼ 2
P2ðx þ 1Þ
hu0; P22i
c1ðxÞ  P1ðx þ 1Þhu0; P21i
c2ðxÞ; ð3:8Þ
c1ðxÞ ¼
P1ðxÞ
hu0; P21i
Dc2ðx  1Þ  2 P2ðxÞhu0; P22i
Dc1ðx  1Þ þ Df1ðx  1Þ; ð3:9Þ
where
cnþ1ðxÞ :¼ snþ1 Tnþ1ðxÞhu1;T2nþ1i
 TnðxÞhu1;T2ni
; 0  n  minfM0  2;M1  1g: ð3:10Þ
(ii) There exist polynomials A3 and B2 of degree at most 3 and 2, respectively, such that
A3ðxÞu0 ¼ B2ðxÞu1; ð3:11Þ
where
A3ðxÞ ¼ f1ðx  1Þ; B2ðxÞ ¼ c1ðx  1ÞDc2ðx  1Þ  c2ðx  1ÞDc1ðx  1Þ: ð3:12Þ
(iii) The functional u0 is a semiclassical discrete linear functional of class at most 6 since it
verifies the distributional equation D½f0ðxÞu0 ¼ c0ðxÞu0, where f0 and c0 are the
polynomials of degree at most 8 and 7 given by
f0ðxÞ ¼ f1ðxÞf1ðx  1ÞB2ðxÞ; ð3:13Þ
c0ðxÞ ¼ fB2ðx  1Þc1ðxÞ þ f1ðxÞDB2ðx  1ÞgA3ðx  1Þ þ f1ðxÞA3ðxÞDB2ðxÞ: ð3:14Þ
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Proof Let us write (3.6) using (2.7)
ðn þ 1Þ Pnþ1ðxÞhu0; P2nþ1i
u0 ¼ D½cnþ1ðxÞu1; 0  n  minfM0  2;M1  1g: ð3:15Þ
For n ¼ 0 and n ¼ 1 we get in (3.15)
P1ðxÞ
hu0; P21i
u0 ¼ D½c1ðxÞu1 ¼ c1ðx  1ÞDu1 þ Dc1ðx  1Þu1;
2
P2ðxÞ
hu0; P22i
u0 ¼ D½c2ðxÞu1 ¼ c2ðx  1ÞDu1 þ Dc2ðx  1Þu1:
ð3:16Þ
(i) From (3.16) it follows that
2
P2ðxÞ
hu0; P22i
c1ðx  1Þ  P1ðxÞhu0; P21i
c2ðx  1Þ
 
Du1
þ 2 P2ðxÞhu0; P22i
Dc1ðx  1Þ  P1ðxÞhu0; P21i
Dc2ðx  1Þ
 
u1 ¼ 0:
On the other hand,
D 2
P2ðx þ 1Þ
hu0; P22i
c1ðxÞ  P1ðx þ 1Þhu0; P21i
c2ðxÞ
 
u1
 
¼ P1ðxÞhu0; P21i
Dc2ðx  1Þ  2 P2ðxÞhu0; P22i
Dc1ðx  1Þ þ Df1ðx  1Þ
 
u1:
Hence, D½f1ðxÞu1 ¼ c1ðxÞu1, where f1 and c1 are given in (3.8) and (3.9), respectively.
Thus (i) follows.
(ii) Eliminating Du1 in the system (3.16) we obtain A3ðxÞu0 ¼ B2ðxÞu1, where polynomials
A3 and B2 are given in (3.12).
(iii) Finally, by using Proposition 2.7 appropriately we have
D½f1ðxÞf1ðx  1ÞB2ðxÞu0
¼ D½f1ðxÞB2ðxÞf1ðx  1Þu0 ¼ D½f1ðxÞB22ðxÞu1
¼ B22ðx  1ÞD½f1ðxÞu1 þ DB22ðx  1Þf1ðxÞu1
¼ B22ðx  1Þc1ðxÞu1 þ ðB2ðx  1ÞDB2ðx  1Þ þ B2ðxÞDB2ðx  1ÞÞf1ðxÞu1
¼ f1ðxÞDB2ðx  1ÞA3ðxÞu0 þ fB2ðx  1Þc1ðxÞ þ f1ðxÞDB2ðx  1ÞgA3ðx  1Þu0:
j
4 GENERAL PROBLEM OF D-COHERENCE
In Theorem 3.4 we have proved that if ðu0; u1Þ is a D-coherent pair of linear functionals, then
both u0, u1 are semiclassical discrete functionals of class at most 6 and 1, respectively. The
main goal of this section is to prove that if ðu0; u1Þ is a D-coherent pair of linear functionals
then at least one of the functionals u0, u1 must be a classical discrete functional under certain
conditions on the order of u0 and u1. The proof of this statement will consist in 3 steps. Let us
denote by x and Z the zeros of the polynomial B2ðxÞ defined in (3.12). In the first one, we
prove that if Z ¼ xþ 1, u0 must be a classical discrete functional (Theorem 4.2). In the
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second step we prove that if Z 6¼ x and Z 6¼ xþ 1 then u1 must be a classical discrete func-
tional (Theorem 4.6). Finally, as a remark, we prove that the case Z ¼ x can not be hold.
PROPOSITION 4.1 Let ðu0; u1Þ be a D-coherent pair of linear functionals; and let fPnðxÞgM0n¼0
and fTnðxÞgM1n¼0 the corresponding MOPS associated with u0 and u1; respectively with
M1 > 3. Let cnðxÞ be the polynomials defined in ð3:10Þ. For each 1  n  minfM0  1;M1g;
we have
n
PnðxÞ
hu0; P2ni
B2ðxÞ ¼ A3ðxÞDcnðx  1Þ þ cnðx  1ÞpðxÞ; ð4:1Þ
where the polynomials A3ðxÞ and B2ðxÞ are defined in (3.12) and pðxÞ :¼ c1ðxÞ  DA3ðxÞ,
with c1ðxÞ given in (3.9).
Proof Using (3.11), (3.15) and Proposition 2.7 we obtain
n
PnðxÞ
hu0; P2ni
B2ðxÞu1 ¼ n PnðxÞhu0; P2ni
A3ðxÞu0 ¼ A3ðxÞD½cnðxÞu1
¼ A3ðxÞfcnðx  1ÞDu1 þ Dcnðx  1Þu1g; 1  n  minfM0  1;M1g:
From Proposition 2.7 and (3.7) we get
f1ðx  1ÞDu1 ¼ pðxÞu1 ð4:2Þ
and then (4.1) holds, since M1 > 3. j
THEOREM 4.2 Let ðu0; u1Þ be a D-coherent pair of linear functionals. Let x and Z be the
zeros of the polynomial B2ðxÞ defined in ð3:12Þ and suppose that Z ¼ xþ 1; i.e.; let
B2ðxÞ ¼ s1s2hu1;T21ihu1;T22i
ðx  xÞðx  ðxþ 1ÞÞ: ð4:3Þ
Then,
(i) If the order of the linear functional u1 is greater than 3, then the functional
~u ¼ ðx  xÞu1 is a classical discrete linear functional verifying
D½ ~fðxÞ~u ¼ ~cðxÞ~u; ð4:4Þ
for some polynomials ~f and ~c, with degð ~fÞ  2 and degð ~cÞ ¼ 1. Moreover,
~fðx  1Þu0 ¼ s1s2hu1;T21ihu1;T22i
~u: ð4:5Þ
(ii) The functional u0 is a classical discrete linear functional satisfying
D½ ~fðx  1Þu0 ¼ ~c0ðxÞu0; ð4:6Þ
for some polynomial ~c0 with degð ~c0Þ ¼ 1.
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Proof We have proved in Theorem 3.4 that u1 is a semiclassical discrete linear functional
satisfying the distributional Eq. (3.7).
(i) From the definition of B2ðxÞ in (4.3) it follows
DB2ðxÞ ¼ 2 s1s2hu1;T21ihu1;T22i
ðx  xÞ:
Moreover, from (3.12) we get
DB2ðxÞ ¼ 2 s2hu1;T22i
c1ðxÞ;
using (3.10). Thus we obtain that c1ðxÞ ¼ 0. From (3.12) with x ¼ xþ 1 it follows that
0 ¼ B2ðxþ 1Þ ¼ c1ðxÞDc2ðxÞ  c2ðxÞDc1ðxÞ ¼ c2ðxÞ s1hu1;T21i
:
Thus c2ðxÞ ¼ 0. Since c1ðxÞ ¼ c2ðxÞ ¼ 0 from (3.8) we obtain f1ðxÞ ¼ 0 as well as
c1ðxÞ ¼ 0 using (3.8) and (3.9).
Hence, we can write
f1ðxÞ ¼ ðx  xÞ ~fðxÞ; c1ðxÞ ¼ ðx  xÞ ~cðxÞ:
Let us define ~u ¼ ðx  xÞu1. From (3.7) and the definition of polynomials ~f and ~c, it
follows that ~u satisfies (4.4). In Theorem 3.4 we have proved that degðf1Þ is at most 3, so
degð ~fÞ  2. Since degðc1Þ is at most 2, we deduce degð ~cÞ  1. If we prove that ~c can not
be a constant polynomial then we deduce part (i) of the Theorem. Indeed, we shall
distinguish two situations:
(1) If ~c is a non-zero constant n, then hu1; nðx  xÞi ¼ hnðx  xÞu1; 1i ¼ hn~u; 1i ¼
hD½ ~fðxÞ~u; 1i ¼ 0. Hence T1ðxÞ ¼ x  x. From (3.10) then c1ðxÞ 6¼ 0 and this con-
tradicts that c1ðxÞ ¼ 0.
(2) Suppose that ~c  0 and let us denote by x½n ¼ xðx  1Þ    ðx  n þ 1Þ, x½0 ¼ 1. Since
Dx½nþ1 ¼ x½nðn þ 1Þ for each n  0, it should be
hf1ðxÞu1; x½ni ¼  D½f1ðxÞu1;
x½nþ1
n þ 1
 
¼  D½ ~fðxÞ~u; x
½nþ1
n þ 1
 
¼ h ~cðxÞ~u; x½ni ¼ 0:
So, hf1ðxÞu1; pðxÞi ¼ 0 for every p 2 P, and then u1 should not be a weakly quasi-
definite linear functional of order greater than 3. Hence ~c 6 0.
From the above situations we conclude that degð ~cÞ ¼ 1.
Moreover, since c1ðxÞ ¼ c2ðxÞ ¼ 0 then c1ðxÞ divides c2ðxÞ. From (3.11) and (3.12) we
can write
ðx  ðxþ 1ÞÞ ~fðx  1Þu0 ¼ B2ðxÞu1:
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Multiplying both sides of this equality by ðx  ðxþ 1ÞÞ 1, and using (2.1) we obtain
~fðx  1Þu0 ¼ s1s2hu1;T21ihu1;T22i
ðx  xÞu1 þ dxþ1½ð ~fðx  1Þu0Þ0  ððx  xÞu1Þ0:
With an appropriate choice of the first moments of the functionals u0 and u1, it yields
~fðx  1Þu0 ¼ s1s2hu1;T21ihu1;T22i
ðx  xÞu1;
Thus we get (4.5).
(ii) From the above equality and (3.15)
D½ ~fðx  1Þu0 ¼ D s1s2hu1;T21ihu1;T22i
ðx  xÞu1
 
¼ s2hu1;T22i
D½c1ðxÞu1 ¼ s2hu1;T22i
P1ðxÞ
hu0; P21i
u0:
If we define ~c0ðxÞ ¼ ðs2=hu1;T22iÞðP1ðxÞ=hu0; P21iÞ, then degð ~c0Þ ¼ 1 and (4.6) holds.
j
For the remaining steps described in the introduction of this section, some previous lem-
mas are needed.
LEMMA 4.3 Let ðu0; u1Þ be a D-coherent pair of linear functionals and A3ðxÞ and B2ðxÞ the
polynomials defined in ð3:12Þ. Let x be a zero of B2ðxÞ such that A3ðxÞ 6¼ 0. Then; there
exists a non-zero parameter k independent of n; such that
cnðx 1Þ þ kDcnðx 1Þ ¼ 0; 1  n  minfM0  1;M1g;
where M0  2 and M1  1 are the order of u0 and u1, respectively.
Proof Since B2ðxÞ ¼ 0, (4.1) for n ¼ 1 and x ¼ x reads as
0 ¼ A3ðxÞDc1ðx 1Þ þ c1ðx 1ÞpðxÞ:
Since Dc1ðx 1Þ ¼ s1=hu1;T21i is a non-zero constant then pðxÞ 6¼ 0 and
c1ðx 1Þ ¼  A3ðxÞs1
pðxÞhu1;T21i
6¼ 0:
If we define
k ¼ A3ðxÞ
pðxÞ ¼ 
c1ðx 1Þ
Dc1ðx 1Þ
our result follows from (4.1) for 1  n  minfM0  1;M1g. j
LEMMA 4.4 Let ðu0; u1Þ be a D-coherent pair of linear functionals. Suppose that there exist
parameters x1, x2, k1 6¼ 0 and k2 6¼ 0 such that
cnðx1Þ þ k1Dcnðx1Þ ¼ 0; and cnðx2Þ þ k2Dcnðx2Þ ¼ 0; 1  n  minfM0  1;M1g;
ð4:7Þ
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where M0 and M1 are the order of u0 and u1, respectively. If M1  2, M1  3, and
jx1  x2j 6¼ 1 then x1 ¼ x2 and k1 ¼ k2.
Proof From (3.10), Eqs. (4.7) can be written
sn
TnðxjÞ
hu1;T2ni
þ kj
DTnðxjÞ
hu1;T2ni
 	
¼ Tn 1ðxjÞhu1;T2n 1i
þ kj
DTn 1ðxjÞ
hu1;T2n 1i
; j ¼ 1; 2; 1  n  minfM0  1;M1g:
Let us denote
hðjÞn ðxjÞ ¼
TnðxjÞ
hu1;T2ni
þ kj
DTnðxjÞ
hu1;T2ni
; j ¼ 1; 2; 1  n  minfM0  1;M1g
and observe that h
ðjÞ
0 ðxjÞ ¼ 1=hu1; 1i. For each 1  n  minfM0  1;M1g and for j ¼ 1; 2 we
write snhðjÞn ðxjÞ ¼ hðjÞn 1ðxjÞ, so hðjÞn ðxjÞ 6¼ 0, for every 1  n  minfM0  1;M1g, and we get
hð1Þn ðx1Þ
hð2Þn ðx2Þ
¼ h
ð1Þ
n 1ðx1Þ
h
ð2Þ
n 1ðx2Þ
; 1  n  minfM0  1;M1g:
Repeating this process
hð1Þn ðx1Þ
hð2Þn ðx2Þ
¼ h
ð1Þ
0 ðx1Þ
h
ð2Þ
0 ðx2Þ
¼ 1=hu1; 1i
1=hu1; 1i ¼ 1; 1  n  minfM0  1;M1g;
i.e., hð1Þn ðx1Þ ¼ hð2Þn ðx2Þ for 1  n  minfM0  1;M1g or, equivalently,
Tnðx1Þ þ k1DTnðx1Þ ¼ Tnðx2Þ þ k2DTnðx2Þ; 1  n  minfM0  1;M1g: ð4:8Þ
So from the initial problem of characterizing x1, x2, k1 and k2 such that (4.7) holds, we
propose a new problem: determine x1, x2, k1 and k2 such that (4.8) holds.
In order to solve it, we study a more general one: Find all m, n, d and Z such that
mTnðx1Þ þ nDTnðx1Þ ¼ dTnðx2Þ þ ZDTnðx2Þ; 1  n  minfM0  1;M1g: ð4:9Þ
Since fTnðxÞgM1n¼0 is a MOPS, it satisfies a three-term recurrence relation [6] which can be
written Tnþ1ðxÞ ¼ ðx  bTn ÞTnðxÞ  gTn Tn 1ðxÞ, 0  n  M1  1 with the initial conditions
T 1ðxÞ ¼ 0 and T0ðxÞ ¼ 1. If we apply the D operator to this relation
DTnþ1ðxÞ ¼ TnðxÞ þ ðx  bTn þ 1ÞDTnðxÞ  gTnDTn 1ðxÞ; 0  n  M1  1: ð4:10Þ
Using the three-term recurrence relation for fTnðxÞgn and (4.10) a new equation is obtained:
ðnþ mx1ÞTnðx1Þ þ nð1 þ x1ÞDTnðx1Þ ¼ðZþ dx2ÞTnðx2Þ þ Zð1 þ x2ÞDTnðx2Þ;
0  n  M1:
ð4:11Þ
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Let us repeat the process from (4.9) to (4.11), but starting with (4.11) instead of (4.9). Finally,
mimicking the process starting with this new last equation we find an homogeneous system
of four linear equations with variables Tnðx1Þ, Tnðx2Þ, DTnðx1Þ and DTnðx2Þ. The determinant
of the matrix of coefficients is, after replacing m ¼ 1, n ¼ k1, d ¼ 1 and Z ¼ k2,
k1k2ðk1  1Þðk2  1Þðx1  x2Þ2ðx2  x1  1Þðx2  x1 þ 1Þ: ð4:12Þ
Then, we need to study how are the solutions of this linear system, depending on the value
of (4.12).
If the determinant (4.12) is different of zero, then the solution of the linear system is
TnðxiÞ ¼ DTnðxiÞ ¼ 0; 3  n  M1; i ¼ 1; 2:
Hence it should be Tnðx1Þ ¼ Tnðx2Þ ¼ Tnðx1 þ 1Þ ¼ Tnðx2 þ 1Þ ¼ 0, for every 3  n  M1,
but this contradicts that fTnðxÞgM1n¼0 is a MOPS.
Now we discuss what happens when (4.12) vanishes.
(1) If ki ¼ 1 ði ¼ 1; 2Þ then the solution of the system is TnðxiÞ ¼ DTnðxiÞ, TnðxjÞ ¼
DTnðxjÞ ¼ 0, for every 3  n  M1. Hence Tnðxi þ 1Þ ¼ TnðxjÞ ¼ Tnðxj þ 1Þ ¼ 0 for
every 3  n  M1. But since fTnðxÞgM1n¼0 is a MOPS these equations can not be held.
(2) If ki 6¼ 1 ði ¼ 1; 2Þ,
(a) Suppose x1 ¼ x2. Then, it is trivial to check that k1 ¼ k2.
(b) The case jx1  x2j ¼ 1 can not be held because of the hypothesis of the Lemma.
j
LEMMA 4.5 Let ðu0; u1Þ be a D-coherent pair of linear functionals; where M0  2 and
M1  4 are the order of u0 and u1; respectively. Let A3ðxÞ and B2ðxÞ be the polynomials
defined in ð3:12Þ and cnðxÞ the polynomials defined in ð3:10Þ. If B2ðxÞ has not a double zero
and that no zero of B2ðxÞ is a root of DB2ðxÞ ¼ 0; then there exists a parameter x such that
B2ðxÞ ¼ A3ðxÞ ¼ 0. Furthermore; we have c1ðxÞ 6¼ 0; c1ðx 1Þ 6¼ 0 and pðxÞ ¼ 0.
Proof Let us denote x1 and x2 the zeros of B2ðxÞ. If both xi ði ¼ 1; 2Þ are not zeros of A3ðxÞ,
we can apply Lemma 4.3 to obtain two constants k1 6¼ 0 and k2 6¼ 0 such that
cnðx1  1Þ þ k1Dcnðx1  1Þ ¼ 0 and cnðx2  1Þ þ k2Dcnðx2  1Þ ¼ 0, for every 1  n  min
fM0  1;M1g. Using Lemma 4.4 we obtain that k1 ¼ k2 and also that x1 ¼ x2 in contra-
diction with the hypothesis of this Lemma.
Let us denote x the common zero of B2ðxÞ and A3ðxÞ. If B2ðxÞ ¼ 0 we have DB2ðxÞ 6¼ 0,
and hence c1ðxÞ 6¼ 0. But we also obtain that c1ðx 1Þ 6¼ 0, because if c1ðx 1Þ ¼ 0 then it
should be B2ðx 1Þ ¼ DB2ðx 1Þ ¼ 0 which is not possible.
From (4.1), setting n ¼ 1 and x ¼ x, we obtain that pðxÞ ¼ 0. j
THEOREM 4.6 Let ðu0; u1Þ be a D-coherent pair of linear functionals; where M0  2 and
M1  4 are the order of u0 and u1; respectively. Suppose that B2ðxÞ has not a double zero
and also that no zero of B2ðxÞ is a root of DB2ðxÞ ¼ 0. Then
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(i) There exist a parameter x and two polynomials ~AðxÞ and p1ðxÞ with degð ~AÞ  2 and
degðp1Þ  1 such that
~AðxÞu0 ¼ s1s2hu1;T21ihu1;T22i
ðx  xÞu1; ð4:13Þ
p1ðxÞu0 ¼ s1s2hu1;T21ihu1;T22i
ðx  xÞDu1: ð4:14Þ
(ii) If ~AðxÞ ¼ 0 then p1ðxÞ ¼ 0.
(iii) The functional u1 is a classical discrete linear functional verifying D½ ~Aðx þ 1Þu1 ¼
~c1ðxÞu1, where degð ~c1Þ ¼ 1.
Proof
(i) Let us denote x1 and x2 the zeros of B2ðxÞ. Using Lemma 4.5, at least one of them is also
a zero of A3ðxÞ. Suppose that A3ðx1Þ ¼ 0. Using again Lemma 4.5 we obtain that
pðx1Þ ¼ 0. Let us define
B2ðxÞ ¼ ðx  x1Þ ~BðxÞ; A3ðxÞ ¼ ðx  x1Þ ~AðxÞ; pðxÞ ¼ ðx  x1Þp1ðxÞ: ð4:15Þ
Then, we can divide both members of (4.1) by x  x1 and we obtain
n
PnðxÞ
hu0; P2ni
~BðxÞ ¼ ~AðxÞDcnðx  1Þ þ cnðx  1Þp1ðxÞ;
1  n  minfM0  1;M1g:
ð4:16Þ
If we eliminate u1 in (3.16) we get pðxÞu0 ¼ B2ðxÞDu1. From (4.15) we obtain
~AðxÞu0 ¼ ~BðxÞu1 ð4:17Þ
with an appropriate choice of the first moments of the functionals u0 and u1, which was to
be proved. Furthermore, from (3.11) and (4.2) we get
p1ðxÞu0 ¼ ~BðxÞDu1 þ Rdx1 ; ~AðxÞDu1 ¼ p1ðxÞu1 þ Kdx1 : ð4:18Þ
Hence from (4.16) and (3.15) we obtain for 1  n  minfM0  1;M1g
ð ~AðxÞDcnðx  1Þ þ cnðx  1Þp1ðxÞÞu0 ¼ n ~BðxÞ PnðxÞhu0; P2ni
 
u0
¼ ~BðxÞðDcnðx  1Þu1 þ cnðx  1ÞDu1Þ;
i.e.,
Dcnðx  1Þð ~AðxÞu0  ~BðxÞu1Þ ¼ cnðx  1Þð ~BðxÞDu1  p1ðxÞu0Þ;
1  n  minfM0  1;M1g:
Moreover, using (4.17) the above identity becomes cnðx  1ÞRdx1 ¼ 0 for every 1 
n  minfM0  1;M1g. Since c1ðx1  1Þ 6¼ 0 we obtain R ¼ 0 and this proves (4.14).
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(ii) From the definition of ~AðxÞ we have ~Aðx2Þ ¼ 0 and then, using Lemma 4.5 it follows that
p1ðx2Þ ¼ 0, so part (ii) of the Theorem is proved.
(iii) Finally, using (4.16) with n ¼ 1,
~AðxÞDc1ðx  1Þ ¼ P1ðxÞhu0; P21i
~BðxÞ  c1ðx  1Þp1ðxÞ
holds. If we take the first equation of (3.16) and the last equation it follows
~AðxÞ P1ðxÞhu0; P21i
u0 ¼ ~AðxÞDc1ðx  1Þu1 þ ~AðxÞc1ðx  1ÞDu1
¼ P1ðxÞhu0; P21i
~BðxÞ  c1ðx  1Þp1ðxÞ
 
u1 þ ~AðxÞc1ðx  1ÞDu1;
whence
P1ðxÞ
hu0; P21i
ð ~AðxÞu0  ~BðxÞu1Þ ¼ c1ðx  1Þð ~AðxÞDu1  p1ðxÞu1Þ:
From the previous equation we obtain Kc1ðx1  1Þ ¼ 0, by using (4.17) and (4.18).
Since c1ðx1  1Þ 6¼ 0, then K ¼ 0. Thus, the second equation in (4.18) reads as
~AðxÞDu1 ¼ p1ðxÞu1. Therefore, by using Proposition 2.7 and this last equality, we get
D½ ~Aðx þ 1Þu1 ¼ D ~AðxÞu1 þ ~AðxÞDu1 ¼ ðD ~AðxÞ þ p1ðxÞÞu1 ¼ ~c1ðxÞu1;
where degð ~c1Þ  1. As in Theorem 4.2, we use that u1 is weakly quasi-definite of order
M1  4 to conclude degð ~c1Þ ¼ 1, i.e., u1 is a classical discrete linear functional. j
Remark Note that if u1 is a linear functional of order M1 > 7, the polynomial B2ðxÞ can not
have a double zero. For the proof, if x is a double zero of B2ðxÞ, then
c1ðxÞ ¼ s1hu1;T21i
x  x 1
2
  
ð4:19Þ
applying the D operator in the definition of B2ðxÞ given in (3.12). From (3.5) for n ¼ 0, it
follows
f0ðxÞ
hu0;f0i
u0 ¼ c1ðxÞu1;
using (2.7) and the definition of c1ðxÞ in (3.10). We can now use the definition of f0ðxÞ given
in (3.13) as well as (3.11) in order to obtain
f1ðxÞB22ðxÞ
hu0;f0i
þ c1ðxÞ
 
u1 ¼ 0:
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Since u1 is a weakly quasi-definite linear functional of order greater than 7, then
f1ðxÞB22ðxÞ
hu0;f0i
þ c1ðxÞ ¼ 0:
By using (4.19) and since B2ðxÞ ¼ 0, the above expression for x ¼ x gives s1 ¼ 0 which is
not possible.
We can summarize the results obtained in this section in the following theorem.
THEOREM 4.7 Let ðu0; u1Þ be a D-coherent pair of linear functionals and let fPnðxÞgM0n¼0 and
fTnðxÞgM1n¼0 be the corresponding MOPS associated with u0 and u1; respectively; with M0  2
and M1  8. Let
B2ðxÞ :¼ c1ðx  1Þ c2ðx  1ÞDc1ðx  1Þ Dc2ðx  1Þ

 ¼ s1s2t1t2 ðx  xÞðx  ZÞ; ð4:20Þ
where
cnðxÞ :¼ sn TnðxÞ
tn
 Tn 1ðxÞ
tn 1
; tn 1 :¼ hu1;T2n 1i; 1  n  minfM0  1;M1g: ð4:21Þ
One of the following situations hold
(1) If jx Zj ¼ 1, then u0 is a classical discrete linear functional satisfying
D½ ~fðx  1Þu0 ¼ ~c0ðxÞu0:
Moreover,
~fðx  1Þu0 ¼ s1s2
t1t2
ðx  xÞu1: ð4:22Þ
(2) If jx Zj 6¼ 1, then u1 is a classical discrete linear functional satisfying
D½ ~Aðx þ 1Þu1 ¼ ~c1ðxÞu1:
Furthermore,
~AðxÞu0 ¼ s1s2
t1t2
ðx  xÞu1; p1ðxÞu0 ¼ s1s2
t1t2
ðx  xÞDu1; ð4:23Þ
where
p1ðxÞ :¼ ~c1ðxÞ  D ~AðxÞ: ð4:24Þ
Finally, if ~AðxÞ ¼ 0 then p1ðxÞ ¼ 0.
From the above theorem, we have obtained in Ref. [5] the classification of all D-coherent
pairs for Hahn, Kravchuk, Meixner and Charlier linear functionals, which allowed us to
recover the classification given by Meijer in Ref. [20], using a limit process.
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5 EXAMPLES
In this section we present examples of D-coherent pairs ðu0; u1Þ of linear functionals. In the
first example, we deal with quasi-definite linear functionals where u0 or u1 is the Meixner
linear functional uðg;mÞ. On the other hand, in the second example we present D-coherent
pairs of linear functionals where u0 or u1 is the Hahn linear functional u
ða;b;N Þ, which is a
weakly quasi-definite linear functional of order N  1.
5.1 Meixner Case
Let ðu0; u1Þ be a D-coherent pair of linear functionals and assume that u1  uðg;mÞ is the
Meixner linear functional defined by
huðg;mÞ; pi ¼
X1
s¼0
pðsÞ m
s Gðgþ sÞ ð1  mÞg
Gðs þ 1Þ GðgÞ ; 0 < m < 1; g > 0; for every p 2 P; ð5:1Þ
[see Ref. 6 and references therein], which satisfies the distributional equation
D½mðx þ gÞuðg;mÞ ¼ ðgm xð1  mÞÞuðg;mÞ:
For this quasi-definite linear functional the moments are given by
ðuðg;mÞÞn ¼
Xn
m¼0
SmðnÞ ðgÞm
m
1  m
 m
; n  0; ð5:2Þ
where SmðnÞ denotes the Stirling numbers of second kind [2]
SmðnÞ ¼
Xm
j¼0
ð1Þm jjn
ðm  jÞ! j! : ð5:3Þ
Let us denote by
Mðg;mÞn ðxÞ ¼
m
m 1
 n
ðgÞn 2F1 n; xg 1 
1
m

 
; n  0;
the polynomials orthogonal with respect to uðg;mÞ, which are called Meixner polynomials
[see Ref. 10, p. 45, Ref. 21, p. 51]. The following relation between two families of Meixner
polynomials holds [21, (2.4.16)]
Mðgþ1;mÞn ðxÞ ¼
DMðg;mÞnþ1 ðxÞ
n þ 1 ; n  0: ð5:4Þ
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5.1.1 Case u0  u(c, l)
Let ðu0; u1Þ be a D-coherent pair of linear functionals and assume that u0  uðg;mÞ is the
Meixner linear functional. In this situation, the linear functional u1 can be computed
from (4.22)
mðx þ gÞuðg;mÞ ¼ ðx  xÞu1:
By using Proposition 2.9 and (5.4), the above equation can be written as
uðgþ1;mÞ ¼ ðx  xÞu1:
Then, from (2.1) we get
u1 ¼ ðx  xÞ 1uðgþ1;mÞ þ Ldx:
As an example, for L ¼ 0 and x ¼ 0 we shall obtain a recurrence relation for the sequences
fsng and fTnðxÞgM1n¼0, the MOPS associated with u1 which can be computed from Ref. [8]
Tnð0Þ x Mðgþ1;mÞn ðxÞ ¼ Tnð0Þ Tnþ1ðxÞ  Tnþ1ð0ÞTnðxÞ: ð5:5Þ
By using the above equation, (5.4), the three-term recurrence relation
ðx  bðgþ1;mÞn Þ Mðgþ1;mÞn ðxÞ ¼ Mðgþ1;mÞnþ1 ðxÞ þ gðgþ1;mÞn Mðgþ1;mÞn 1 ðxÞ; ð5:6Þ
satisfied by monic Meixner polynomials Mðgþ1;mÞn ðxÞ, where
bðgþ1;mÞn ¼
ð1 þ gÞ mþ ð1 þ mÞ n
1  m ;
gðgþ1;mÞn ¼
mn ðgþ nÞ
ð1  mÞ2 ;
and the relation between fMðgþ1;mÞn ðxÞgn and fTnðxÞgn since ðu0; u1Þ is a D-coherent pair of
linear functionals,
TnðxÞ ¼
DMðg;mÞnþ1 ðxÞ
n þ 1  sn
DMðg;mÞn ðxÞ
n
¼ Mðgþ1;mÞn ðxÞ  snMðgþ1;mÞn 1 ðxÞ; n  1; ð5:7Þ
we obtain
ðbðgþ1;mÞn þ snþ1 þ$nÞ Mðgþ1;mÞn ðxÞ þ ðgðgþ1;mÞn  sn$nÞ Mðgþ1;mÞn 1 ðxÞ ¼ 0;
where
$n ¼
M
ðgþ1;mÞ
nþ1 ð0Þ  snþ1Mðgþ1;mÞn ð0Þ
Mðgþ1;mÞn ð0Þ  snMðgþ1;mÞn 1 ð0Þ
;
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and [21]
Mðgþ1;mÞn ð0Þ ¼
m
m 1
 n
ðgþ 1Þn;
being ðAÞs the Pochhammer symbol. Since fMðgþ1;mÞn ðxÞgN 2n¼0 is a set of linearly independent
vectors in P, it yields the following recurrence relation for the coefficients sn
snþ1 ¼ bðgþ1;mÞn 
gðgþ1;mÞn
sn
; n  1; ð5:8Þ
by using again the three-term recurrence relation (5.6).
If we choose ðu1Þ0 :¼ hu1; 1i ¼ 1, then T1ðxÞ ¼ x  1. From the D-coherence relation,
s1 ¼ 1  bðgþ1;mÞ0 :
Moreover, by using (5.6) and (5.8), from (5.7) we have
TnðxÞ ¼ Mðgþ1;mÞn ðxÞ þ bðgþ1;mÞn 1 þ
gðgþ1;mÞn 1
sn 1
 !
M
ðgþ1;mÞ
n 1 ðxÞ
¼ xMðgþ1;mÞn 1 ðxÞ þ gðgþ1;mÞn 1
M
ðgþ1;mÞ
n 1 ðxÞ
sn 1
 Mðgþ1;mÞn 2 ðxÞ
 !
¼ xMðgþ1;mÞn 1 ðxÞ þ
gðgþ1;mÞn 1
sn 1
Tn 1ðxÞ; n  2:
a recurrence relation for the sequence fTnðxÞgn.
5.1.2 Case u1  u(c, l)
Let ðu0; u1Þ be a D-coherent pair of linear functionals and assume that u1  uðg;mÞ is the
Meixner linear functional. We shall consider the following three situations:
Case g > 1 In this situation, from (4.23) we get
u0 ¼ ðx  xÞuðg 1;mÞ:
We assume that x  0 in order to obtain positive-definite linear functionals. We shall obtain a
recurrence relation for the MOPS fPnðxÞgn associated to u0, as well as a recurrence relation
for the coherence parameters sn.
The sequence fPnðxÞgn can be computed from Ref. [8]
ðx  xÞPnðxÞ ¼ Mðg 1;mÞnþ1 ðxÞ 
M
ðg 1;mÞ
nþ1 ðxÞ
Mðg 1;mÞn ðxÞ
Mðg 1;mÞn ðxÞ: ð5:9Þ
Moreover, they satisfy the following three-term recurrence relation
Pnþ1ðxÞ ¼ ðx  ~BnÞPnðxÞ  ~CnPn 1ðxÞ; n  1; P0ðxÞ :¼ 1; P1ðxÞ :¼ x  ~B0; ð5:10Þ
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where
~Bn :¼ Bðg 1;mÞnþ1 þ
M
ðg 1;mÞ
nþ2 ðxÞ
M
ðg 1;mÞ
nþ1 ðxÞ
 M
ðg 1;mÞ
nþ1 ðxÞ
Mðg 1;mÞn ðxÞ
; n  0;
~Cn :¼
M
ðg 1;mÞ
n 1 ðxÞ Mðg 1;mÞnþ1 ðxÞ
ðMðg 1;mÞn ðxÞÞ2
Cðg 1;mÞn ; n  1;
and
Bðg 1;mÞn ¼
ðg 1Þmþ nð1 þ mÞ
1  m ; C
ðg 1;mÞ
n ¼
mnðgþ n  2Þ
ð1  mÞ2 ;
are the coefficients of the three-term recurrence relation satisfied by monic Meixner polyno-
mials Mðg 1;mÞn ðxÞ
M
ðg 1;mÞ
nþ1 ðxÞ ¼ x  Bðg 1;mÞn

 
Mðg 1;mÞn ðxÞ  Cðg 1;mÞn Mðg 1;mÞn 1 ðxÞ: ð5:11Þ
By using
Mðg;mÞn ðxÞ ¼
DPnþ1ðxÞ
n þ 1  sn
DPnðxÞ
n
; n  1;
as well as (5.9), (5.10) and (5.11), we obtain
sn ¼ x ~Bn 
~Cn
sn 1
; n  2;
with
s1 :¼ g m ðxþ m ð1 þ gþ xÞÞð1 þ mÞ ðg2 m2 þ ð1 þ mÞ2 ð1 þ xÞ xþ gm ðmþ 2 ð1 þ mÞ xÞÞ :
Case g ¼ 1 Then, up to numerical factors, u0 can be deduced from (4.23)
xu0 ¼ ðx  xÞuð1;mÞ:
From Lemma 4.5, x ¼ 0 and
u0 ¼ uð1;mÞ þ Kd0
using (2.1). Let K > 0 and let us denote by fPnðxÞg1n¼0 the sequence of polynomials orthogo-
nal with respect to this quasi-definite linear functional u0 (perturbation of u
ð1;mÞ by a Dirac
functional). These polynomials satisfy the following three-term recurrence relation [13]
Pnþ1ðxÞ ¼ ðx  ~BnÞPnðxÞ  ~CnPn 1ðxÞ; n  1;
P0ðxÞ ¼ 1; P1ðxÞ ¼ x  ~B0;
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where
~Bn ¼ n  2n þ 1m 1 þ
nðK þ 1Þ
1 þ Kð1  mnÞ þ
ðn þ 1ÞðK þ 1Þ
Kðmnþ1  1Þ  1 ; n  0;
~Cn ¼ n
2m ðK ðmn 1  1Þ  1Þ ðKðmnþ1  1Þ  1Þ
ð1  mÞ2 ðK ðmn  1Þ  1Þ2 ; n  1:
Furthermore, they can be written in terms of hypergeometric series [4]
PnðxÞ ¼ n! mm 1
 n
3F2
n; x; 1 þ xtn
1; xtn
1  1
m

 
;
where
tn ¼ Km
n
1 þ Kð1  mnÞ ; K > 0:
It can be checked that the D-coherence relation reads
Mð1;mÞn ðxÞ ¼
DPnþ1ðxÞ
n þ 1  sn
DPnðxÞ
n
; n  1;
where
sn ¼ n 1m 1 þ
K þ 1
1 þ Kð1  mnþ1Þ
 
; n  1;
are non-zero real numbers, since K > 0.
Case 0 < g < 1 In this situation u0 ¼ u1 ¼ uðg;mÞ. The coherence relation reads
Mðg;mÞn ðxÞ ¼
DMðg;mÞnþ1 ðxÞ
n þ 1  sn
DMðg;mÞn ðxÞ
n
; n  1;
where
sn ¼ n mm 1 :
5.2 Hahn Case
Let uða;b;N Þ be the Hahn linear functional given by
huða;b;N Þ; ri ¼
XN 1
s¼0
GðN ÞGðaþ bþ 2ÞGðaþ N  sÞGðbþ s þ 1Þ
Gðaþ 1ÞGðbþ 1ÞGðaþ bþ N þ 1ÞGðN  sÞGðs þ 1Þ rðsÞ;
for every r 2 P;
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where a > 1, b > 1, and N 2 N, which satisfies the distributional equation
D½ðN  x  1Þðx þ bþ 1Þuða;b;N Þ ¼ ððN  1Þðbþ 1Þ  xðaþ bþ 2ÞÞuða;b;N Þ:
For this weakly quasi-definite linear functional of order N  1 the moments are given by
ðuða;b;N ÞÞn ¼
Xn
m¼0
SmðnÞð1Þm ð1  N Þm ðbþ 1Þmðaþ bþ 2Þm
; n  0;
where ðAÞn denotes the Pochhammer symbol and SmðnÞ are the Stirling numbers of second
kind given in (5.3).
Let us denote by
hða;bÞn ðx; N Þ ¼ ð 1Þ
nðN nÞnðbþ1Þn
ðaþbþnþ1Þn 3 F2
n; x; n þ aþ bþ 1
bþ 1; 1  N
 1
 !
;
0  n  N  1;
the polynomials orthogonal with respect to uða;b;N Þ, which are called the Hahn polynomials
[see Ref. 10, p. 33, Ref. 21, p. 52]. The following relation between two families of Hahn
polynomials holds [21, (2.4.13)]
Hðaþ1;bþ1Þn ðx; N  1Þ ¼
DHða;bÞnþ1 ðx; N Þ
n þ 1 ; 0  n  N  2: ð5:12Þ
5.2.1 Case u0  u(a, b,N)
Let ðu0; u1Þ be a D-coherent pair of linear functionals and assume that u0  uða;b;NÞ is the
Hahn linear functional. In this situation, the linear functional u1 can be computed from (4.22)
ðN  x  1Þðx þ bþ 1Þuða;b;N Þ ¼ ðx  xÞu1:
By using Proposition 2.9 and (5.12), the above equation can be written as
uðaþ1;bþ1;N 1Þ ¼ ðx  xÞu1:
Then, from (2.1) we get
u1 ¼ ðx  xÞ 1uðaþ1;bþ1;N 1Þ þ Ldx:
If L ¼ 0 and x ¼ 0, we shall obtain a recurrence relation for the sequences fsng and
fTnðxÞgM1n¼0, the MOPS associated with u1 which can be computed from [8]
Tnð0Þ x Hðaþ1;bþ1Þn ðx; N  1Þ ¼ Tnð0Þ Tnþ1ðxÞ  Tnþ1ð0ÞTnðxÞ: ð5:13Þ
By using the above equation, (5.12), the three-term recurrence relation
ðx  bðaþ1;bþ1;N 1Þn Þ Hðaþ1;bþ1Þn ðx; N  1Þ ¼ Hðaþ1;bþ1Þnþ1 ðx; N  1Þ þ gðaþ1;bþ1;N 1Þn
 Hðaþ1;bþ1Þn 1 ðx; N  1Þ; ð5:14Þ
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satisfied by monic Hahn polynomials Hðaþ1;bþ1Þn ðx; N  1Þ, where
bðaþ1;bþ1;N 1Þn
¼ n
2ð2N þ a b 4Þ þ ðN  2Þðbþ 2Þðaþ bþ 2Þ þ nð2N þ a b 4Þðaþ bþ 3Þ
ð2n þ aþ bþ 2Þð2n þ aþ bþ 4Þ ;
gðaþ1;bþ1;N 1Þn
¼ nðN  n  1Þðn þ aþ 1Þðn þ bþ 1Þðn þ aþ bþ 2Þðn þ N þ aþ bþ 1Þð2n þ aþ bþ 1Þð2n þ aþ bþ 2Þ2 ð2n þ aþ bþ 3Þ ;
and the relation between fHðaþ1;bþ1Þn ðx; N  1ÞgN 2n¼0 and fTnðxÞgM1n¼0 since ðu0; u1Þ is a
D-coherent pair of linear functionals,
TnðxÞ ¼
DHða;bÞnþ1 ðx; N Þ
n þ 1  sn
DHða;bÞn ðx; N Þ
n
¼ Hðaþ1;bþ1Þn ðx; N  1Þ
 snHðaþ1;bþ1Þn 1 ðx; N  1Þ; 1  n  minfN  2;M1g; ð5:15Þ
we obtain
ðbðaþ1;bþ1;N 1Þn þ snþ1 þ$nÞ Hðaþ1;bþ1Þn ðx; N  1Þ
þ ðgðaþ1;bþ1;N 1Þn  sn$nÞ Hðaþ1;bþ1Þn 1 ðx; N  1Þ ¼ 0;
where
$n ¼
H
ðaþ1;bþ1Þ
nþ1 ð0; N  1Þ  snþ1Hðaþ1;bþ1Þn ð0; N  1Þ
Hðaþ1;bþ1Þn ð0; N  1Þ  snHðaþ1;bþ1Þn 1 ð0; N  1Þ
;
and [21]
Hðaþ1;bþ1Þn ð0; N  1Þ ¼ ð1Þn
ðbþ 2Þn ðN  n  1Þn
ðn þ aþ bþ 3Þn
;
being ðAÞs the Pochhammer symbol. Since fHðaþ1;bþ1Þn ðx; N  1ÞgN 2n¼0 is a set of linearly
independent vectors in PN 2, it yields the following recurrence relation for the coefficients sn
snþ1 ¼ bðaþ1;bþ1;N 1Þn 
gðaþ1;bþ1;N 1Þn
sn
; n  1; ð5:16Þ
by using again the three-term recurrence relation (5.14).
If we choose ðu1Þ0 :¼ hu1; 1i ¼ 1, then T1ðxÞ ¼ x  1. From the D-coherence relation,
s1 ¼ 1  bðaþ1;bþ1;N 1Þ0 :
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Moreover, by using (5.14) and (5.16), from (5.15) we have
TnðxÞ ¼ Hðaþ1;bþ1Þn ðx; N  1Þ þ bðaþ1;bþ1;N 1Þn 1 þ
gðaþ1;bþ1;N 1Þn 1
sn 1
 !
H
ðaþ1;bþ1Þ
n 1 ðx; N  1Þ
¼ xHðaþ1;bþ1Þn 1 ðx; N  1Þ þ gðaþ1;bþ1;N 1Þn 1
 H
ðaþ1;bþ1Þ
n 1 ðx; N  1Þ
sn 1
 Hðaþ1;bþ1Þn 2 ðx; N  1Þ
 !
¼ xHðaþ1;bþ1Þn 1 ðx; N  1Þ þ
gðaþ1;bþ1;N 1Þn 1
sn 1
Tn 1ðxÞ; n  2:
a recurrence relation for the sequence fTnðxÞgM1n¼0.
5.2.2 Case u1  u(a, b,N)
Let ðu0; u1Þ be a D-coherent pair of linear functionals and assume that u1  uða;b;NÞ is the
Hahn linear functional. We must consider the following situations:
Case a; b > 0 In this situation, from (4.23) we get
u0 ¼ ðx  xÞuða 1;b 1;Nþ1Þ:
We assume that x  0 or x  N in order to obtain nonnegative-definite linear functionals.
We shall obtain a recurrence relation for the MOPS fPnðxÞgM0n¼0 associated to u0, as well as
a recurrence relation for the coherence parameters sn.
The monic sequence fPnðxÞgM0n¼0 can be computed from [8]
ðx  xÞPnðxÞ ¼ Hða 1;b 1Þnþ1 ðx; N þ 1Þ 
H
ða 1;b 1Þ
nþ1 ðx; N þ 1Þ
Hða 1;b 1Þn ðx; N þ 1Þ
Hða 1;b 1Þn ðx; N þ 1Þ: ð5:17Þ
Moreover, they satisfy the following three-term recurrence relation
Pnþ1ðxÞ ¼ ðx  ~BnÞPnðxÞ  ~CnPn 1ðxÞ; 1  n  M0  1; P0ðxÞ :¼ 1; P1ðxÞ :¼ x  ~B0;
ð5:18Þ
where
~Bn :¼ Bða 1;b 1;Nþ1Þnþ1 þ
H
ða 1;b 1Þ
nþ2 ðx; N þ 1Þ
H
ða 1;b 1Þ
nþ1 ðx; N þ 1Þ
 H
ða 1;b 1Þ
nþ1 ðx; N þ 1Þ
Hða 1;b 1Þn ðx; N þ 1Þ
; n  0;
~Cn :¼
H
ða 1;b 1Þ
n 1 ðx; N þ 1Þ Hða 1;b 1Þnþ1 ðx; N þ 1Þ
ðHða 1;b 1Þn ðx; N þ 1ÞÞ2
Cða 1;b 1;Nþ1Þn ; n  1;
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and
Bða 1;b 1;Nþ1Þn ¼
b ð2 þ aþ bÞ N þ n ð1 þ aþ bþ nÞ ða bþ 2N Þ
ð2 þ aþ bþ 2nÞ ðaþ bþ 2nÞ
Cða 1;b 1;Nþ1Þn
¼  n ðaþ n  1Þ ðbþ n  1Þ ðaþ bþ n  2Þ ðn  N  1Þ ðaþ bþ n þ N  1Þðaþ bþ 2n  3Þ ð2 þ aþ bþ 2nÞ2 ð1 þ aþ bþ 2nÞ ;
are the coefficients of the three-term recurrence relation
H
ða 1;b 1Þ
nþ1 ðx; N þ 1Þ ¼ ðx  Bða 1;b 1;Nþ1Þn Þ Hða 1;b 1Þn ðx; N þ 1Þ
 Cða 1;b 1;Nþ1Þn Hða 1;b 1Þn 1 ðx; N þ 1Þ: ð5:19Þ
satisfied by monic Hahn polynomials Hða 1;b 1Þn ðx; N þ 1Þ. By using
Hða;bÞn ðx; N Þ ¼
DPnþ1ðxÞ
n þ 1  sn
DPnðxÞ
n
; n  1;
as well as (5.17), (5.18) and (5.19), we obtain
sn ¼ x ~Bn 
~Cn
sn 1
; n  2;
with
s1 :¼ ð1 þ aÞð1 þ bÞðN  1ÞðWþ N Þ ððaþ bÞ  bNxÞð1 þ WÞð2 þ WÞðbð1 þ bÞðN  1ÞN  Wða bþ 2ð1 þ bÞN Þxþ WÞ ð1 þ WÞx2Þ ;
and W :¼ 1 þ aþ b.
Case b ¼ 0 From Lemma 4.5 then x ¼ 0, and from (4.23)
u0 ¼ uða 1;0;Nþ1Þ þ Ld0; a > 0:
Let us assume that L  0 and let us denote by fPnðxÞgNn¼0 the sequence of polynomials ortho-
gonal with respect to this weakly quasi-definite linear functional u0 (perturbation of
uða 1;0;Nþ1Þ by a Dirac functional). These polynomials can be written in terms of hypergeo-
metric series [3]
PnðxÞ ¼ ð1Þ
n ðN Þ!n! Gðaþ nÞ
ðN  nÞ! Gðaþ 2nÞ 4 F3
n; x; aþ n  1; Z0 þ 1
N ; 1; Z0
 1 ; 0  n  N ;
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where
Z0 :¼
xðaþ n  1Þ
x þ ðaþ 2n  1Þtn ;
tn :¼ Lð1 þ L Kerða 1;0Þn 1 ð0; 0ÞÞ
ð1 þ aÞ2ðn 1ÞðN  n þ 1Þn
ðaÞn 1ðaþ nÞn ð1 þ aþ N Þn 1
;
Ker
ða 1;0Þ
n 1 ð0; 0Þ :¼
Xn 1
m¼0
ð1Þm ð1 þ aÞ2m ððN  m þ 1ÞmÞ2
ðaÞm ðaþ mÞm ðN Þm ð1 þ aþ N Þm
:
It can be checked that the D-coherence relation reads
Hða;0Þn ðx; N Þ ¼
DPnþ1ðxÞ
n þ 1  sn
DPnðxÞ
n
; 1  n  N  1;
where,
sn ¼ n ðaþ nÞ ðN  nÞ ðaþ N þ nÞ ððaþ N þ 1Þn 1 ðLN þ aðL þ 1ÞÞ  LðN  n þ 1ÞnÞðaþ 2nÞ ðaþ 2n þ 1Þ ððaþ N þ 1Þn ðLN þ aðL þ 1ÞÞ  LðN  nÞnþ1Þ
;
are non-zero real numbers.
Remark 3 Note that the classification of D-coherent pairs, assuming that one of the linear
functionals u0 or u1 is the Charlier or the Kravchuk linear functional, can be done by using
the same arguments as in the previous examples [5].
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